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1 Introduction 

The hyperbolic geometry was born about two centuries ago as a result of the 
independent work of J. Bolyai and N. Lobaschevsky |Mij . Its discovery solved 
the two millenia old problem about the role of the Parallel Postulate in Euclidean 
geometry: this postulate cannot be left out from the Euclidean geometry. Hy- 
perbolic geometry provides an example of a geometry which satisfies all the 
postulates of the Euclidean geometry except that the Parallel Postulate does not 
hold. During the past two decades the hyperbolic geometry has surfaced in a 
number of contexts which do not belong to geometry proper: geometric function 
theory, discrete group theory, modern theory of quasiconformal and quasiregular 
mappings in n- dimensional Euclidean spaces and also in fields such as relativity 
theory [U] and graphical art of Escher [SC] . In function theoretic applications the 
hyperbolic metric is often more natural than the Euclidean metric. All these de- 
velopments have lead to attempts to generalize hyperbolic metric to subdomains 
of the Euclidean space. For instance the quasihyperbolic metric of F.W.Gehring 
and B.P. Palka |GP] and the Apollonian metric originally introduced by D. Bar- 
bilian |Ba] and rediscovered by A.F. Beardon |Be2] are two such hyperbolic type 
metrics, both studied in several recent PhD theses [SEj . [I], [H], [L], |SAj . [K] , 
[MaJ. Quasihyperbolic metric as a tool of quasiconformal mapping theory is 
studied in |Va] and |V2j . The geometry defined by the quasihyperbolic metric 
in the context of Banach spaces is explored in |KRT| IRTj . For an interesting 
historical survey of the Apollonian metric see [BS] . 

Our goal is to keep the prerequisites for reading this paper as minimal as 
possible and, this in mind, we try to list carefully the necessary basic information 
in the introduction. We assume that the reader is familiar with basic facts about 



conformal mappings and Mobius transformations (see |Alj ) of the complex plane. 
We occasionally also need some properties of Mobius transformations of the 
Mobius space R = R n U {00} and refer the reader to [Belj or to |A2j . We often 
identify R 2 with the complex plane C. We use notation B n (x,r) and S' n_1 (a;, r) 
for Euclidean balls and spheres, respectively. We abbreviate B n = B n (0, 1). 



1.1 The family of Apollonian circles 

For a fixed pair of points x, y G R n , x 7^ y, and c > we define the Apollonian 
ball with base points x, y by 

B c x>y = {zeR n : \x-z\<c\y-z\}. 

Clearly B xy is an open set with x G B xy and dB xy = dB l y (x. Apollonius' theorem 
says that dB c x is a sphere which for c = 1 reduces to the hyperplane through the 
midpoint (x + y)/2 of the segment [x, y] = {z G R n : z = tx+ (1 —t)y, < t < 1} 
perpendicular to the segment [x,y]. Clearly B xy and B yx are symmetric with 
respect to this hyperplane and B x } y C B° 2 y for < c\ < c%. This means that 
Apollonian balls with fixed base points are ordered by inclusion. The following 
lemma gives the Euclidean center point and the radius of an Apollonian circle. 

1.1 Lemma. \Kr\ p. 5, Exercise 1.1.25] Let x,y G C and c G (0,1). Then 
B c Xiy = B 2 (z,r)for 

y — c 2 x c\x — y\ 

z = — and r 



1 - c 2 1 - c 2 

1.2 Cross ratio and absolute ratio 

For distinct a, b, c, d G C we define the cross ratio by 

(a-c)(b-d) 

k b, c, d] = — — 

(a — b)(c — a) 

and for distinct a, b, c, d G R n we define the absolute ratio by 

\a — c\\b — d\ 



|a, 6, c, d| 



|a — 6| \c — d| 



The cross ratio [a, b, c, <i] is a complex number and it is real if and only if the 
points a, b, c, d are on the same circle. Both cross ratio and absolute ratio are 
invariant under Mobius transformations. Moreover, a mapping /: R — > R 
is Mobius transformation if and only if it preserves absolute ratios (see |Bell 
3.2.7]). Observe that the absolute ratio depends on the order of points and e.g. 
\a, b, c, d\ ■ \a, c,b,d\ = 1. 
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For a domain G C l", card(IR n \ G) > 2 and x,y G G the boundary dG has 
at least two points cto, do such that 

(\cl — y\ \x — d\ \ 
sup 1 r sup =log\ao, x,y,d \. 

a&dG \a — X\ dedG \y — ct\ J 

A simple verification shows that the quantity «g satisfies the triangle inequality. 
It is called the Apollonian distance and 

v \ a ~v\ v \x-d\ 
X = sup -j r, Y = sup 



a£dG \a - x\ dedG \y - d\ 

are the Apollonian parameters. For given ijeGwe have 

»i« - {** ^ < . *ts - {** l { < *} ■ 

The Apollonian distance maximizes the size of Apollonian balls, y) = XY. 

The Apollonian distance defines a metric, whenever the complement of the do- 
main G is not contained in a hyperplane [Be2j . 



1.3 Hyperbolic distance 

For a domain G C ]R n , n > 2 and a continuous function u> : (7 — > (0, oo) we define 
the w-length of a rectifiable arc 7 C G by 



4«(7) = / w(z)\dz\, 

and the w-distance by 

m w (x, y) = inf £ w (j), (1.2) 

7 

where the infimum is taken over all rectifiable curves in G joining x and y. We 
say that a curve 7: [0, 1] — > G is a geodesic segment if for all t G (0, 1) we have 

m„( 7 (0),7(t))) + m ?i ,(7(t),7(l))) = ^(7(0),7(l)))- 

The hyperbolic distance in HP is defined by the weight function »i» (z) = 1/ z n 
and in B n by the weight function wn«(z) = 2 / (1 — \z\ 2 ) . By [Belt p. 35] we have 

I p 

coshp M n(x,y) = 1 + — (1.3) 

" l Xn\)n 



for all x, 1/ G HP and by [Bell p. 40] we have 



for all x, y G B n . With the respective weight functions given above the defini- 
tions ( 1 1 . 3 p and f ll.4j) coincide with (jl.2p . If the domain is understood from the 
context we use notation p instead of pe™ and p®n. The hyperbolic distance can 
equivalently be defined for G G {B n ,H n } as 

Pg(x,v) = sup{log|a,x,y,6|: a,b G dG} = log \x',x,y,y'\, (1.5) 

where x',y' G dG such that the circle that contains x,x',y,y' is orthogonal to 
dG and the points x', x, y, y' occur in this order. In particular, (jl.5p says that 
for G G {B™,EI n } the Apollonian distance agrees with the hyperbolic distance 
Pg = ol g . 

Hyperbolic geodesies are arcs of circles that are orthogonal to the boundary 
of the domain. More precisely, a hyperbolic geodesic segment is the intersection 
of the domain with the Euclidean circle or straight line which is orthogonal to 
the boundary of the domain, see [Bel] . Therefore, the points x' and y' are the 
end points of the hyperbolic geodesic segment which contains x and y. For any 
two distinct points the hyperbolic geodesic segment is unique. 

Given two distinct points x, y G H 2 the circle C xy containing x, y and perpen- 
dicular to the x-axis can be characterized as the circle through the three points 
x, y, x, where x is the image of x under the reflection in the x-axis (the map 
(u,v) i — y (u, —v)). Moreover, the points x', x, y, y' occur in this order on C xy 
and {x',y'} = C xy f]R. 

Similarly, for x, y G B 2 the circle C xy containing x, y and perpendicular to 
<9B 2 is the circle through x, y, x*, where x* = x/\x\ 2 is the image of x under the 
reflection in the unit circle. Again {x',y'} = C xy n B 2 . Hyperbolic distance is 
invariant under Mobius transformations of B n onto B n or onto HP. 





Figure 1: An example of a hyperbolic geodesic segment in the half plane and the 
unit disk. 



The above basic facts can be found in our standard references [Bell IA2] and 
in many other sources on hyperbolic geometry such as [A~ l IBMl iKLj . Farreaching 
and specialized advanced texts discussing hyperbolic geometry include [R] IMarj . 

Our plan here is to show the many links between Apollonian circles and 
hyperbolic geometry. In particular, we give an interpretation to geodesies in 
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terms of Apollonian circles and give examples for the determination of some 
natural concepts of hyperbolic geometry such as the midpoint of a geodesic and 
the "base points" of a geodesic. We also discuss the natural question of comparing 
distances in the Euclidean and hyperbolic geometry recently investigated by C.J. 
Earle and L.A. Harris |EH] . 



2 Hyperbolic geometry in the unit disk 

We denote Euclidean balls and spheres by B n (x,r) and S n ~ 1 (x,r), respectively. 
For any metric m we denote metric ball 

B m (x,r) = {y. m(x,y) < r}. 

2.1 Proposition. The hyperbolic sphere dB p (x,r), x G B n , r > 0, is an Apol- 
lonian sphere with base points x and x* = x/\x\ 2 . 

Proof. Fix y G dB p (x,r). Then it follows from (jl.4p that 

, , 2 p(x,y) \x-y\ 2 , 2 r 2 

tanh — - — = — — = tanh - = c(r) , 

2 A[x,y] 2 2 w 

where A[x, y} 2 = \x — y\ 2 + (1 — |x| 2 )(l — \y\ 2 ), x, y G B n , is the Ahlfors bracket. 
On the other hand, a simple verification shows that \x\\x* — y\ = A[x,y\ and 
hence 

I 12 I 12 /I IN 2 

\x — y\ \x — y\ , <2 I \ x ~V\ 



x\ I — = \x\ c(r) . 



\x* — y\ 2 (A[x, y]/\x\) 2 \A[x,y] 

This is independent of y and hence dB p (x,r) is an Apollonian sphere. We also 
see that 

B p (x,r)=BSP. 

□ 

From this proof we can read off the following simple formula for x,y G B n 

p(x,y) \x-y\ , 2 

tanh = - — t, x = x \x\ . 

2 \x\\x* — y\ 

Some basic properties of orthogonal circles will be recalled now. For that 
purpose the reader might wish to see |Kr| p. 6, Exercise 1.1.27]. The next result 
gives a formula for hyperbolic geodesic segment in B 2 . 

2.2 Lemma. Let a G C with \a\ > 1. Then S 1 (a,r) is orthogonal to S' 1 (0,1) 
for \a\ 2 = 1 + r 2 . Given x,y G B 2 such that 0, x and y are noncollinear the 
orthogonal circle S 1 (a,r) contains x and y if 

+ M 2 ) -x(l + \y\ 2 ) 

and a = % 

2{x 2 y\ - xxy 2 ) 

and S' 1 (a, r) fl S' 1 (0, 1) = {z G C : z — a/\a\ exp(±i9), 9 = arccos(l/|a|)}. 



\a 




■y\ 


\x\y\ 


2 -y\ 


2| 


y\ 


\x1y2 




X2yi\ 
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2.3 Lemma. Let x G K n , r > and y, z G S n l (x,r). Then y , z G S n l (w,\y 
w\) and S n ^ 1 (w, \y — w\) is orthogonal to S' n_1 (x, r), where 



\y-x\ 2 fy + z 
w = x H 7) x 



\{ y + z )/2-x\ 2 V 2 
Proof. Let us denote s = (y + z)/2. We have 

if — x = A (s — x) 

for a scalar A > 1. Because triangles xsy and xyw are right and similar, we 
obtain 

\x — y\ \x — s| 
| a; — w| \x — y\ 
By the above equalities we obtain 

12 
12 



x — y\ 

w = x + — [s — x) 

\x — s\ 



and the assertion follows. □ 

2.4 Proposition. The Euclidean distance of the line containing distinct points 
a, b G W 1 to the origin is 



y/{\a-b\*-{\a 


-\b\) 2 )((\a 


+ \b\) 2 ~ 


a-6| 2 ) 


2 


a — b\ 



Proof. We denote the line that contains a and b by /, the angle Z(a, 0, b) by a 
and area of triangle Oab by A. Since 2A = \a\\b\ sin a = d(l, 0)|a — b\ we obtain 
that 

0) = | sm a = : . (2.5) 

\a — b\ \a — b\ 

By the law of Cosines and the fact that sin 2 a = 1 — cos 2 a we obtain 



sm a 



v/(|a-6| 2 -(|a 


-\b\) 2 )((\a 


+ \b\) 2 - 


a-b\ 2 ) 


2 


a\\b\ 



which together with ( 12.51) implies the assertion. □ 

Our aim is to find the hyperbolic midpoint z of points x, y G B 2 . By (jl.4p it 
is clear that p(x, 2) = p(y, is equivalent to 



'l- 


\x\ 2 




\y\ 2 



and the next result characterizes the points satisfying this equality. 
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2.7 Corollary. Let x,y G B 2 with \y\ < \x\. Then 
C = {zeR 2 : p{x,z)=p{y,z)} 





| X \ 1 




\y\ 2 ) 


A\x 


-y\ 


1 - 


A 2 ' 



where 

x - A 2 y 

w = — — and r 

1 — A 2 

Moreover, the circle C is orthogonal to S' 1 (0, 1) and the geodesic J joining x and 
V- 

Proof. Since \y\ < \x\ we have A G (0, 1) and values of w and r follow from 
Lemma 11.11 

We prove next orthogonality to S' 1 (0, 1) . Since 
\ w \ 2 = 1 + r 2 

^ \x\ 2 + A A \y\ 2 - 2A 2 x ■ y = (1 - A 2 ) 2 + A 2 (\x\ 2 + \y\ 2 - 2x ■ y) 

(1 _ A 2 )|x| 2 - A 2 (l - A 2 )\y\ 2 = (1 - A 2 ) 2 
^ |x| 2 -A 2 |y| 2 = l-A 2 

M 2 - |y| 2 = |x| 2 - \y\ 2 
l-\y\ 2 l-\y\ 2 

the circle C is orthogonal to S' 1 (0, 1) by Lemma [2.21 

Finally, we prove orthogonality of S l (w,r) and J. Let us denote intersection 
of S 1 (w,r) and J in B 2 by z. Let T be a sense-preserving Mobius mapping 
with T(z) = (see \V1\ 1.34]). Since p(x,z) = p(y,z) we have p(T(x),0) = 
p(T(y), 0). Let v G C flB 2 . By definition of C we have p(x, v) = p(y, v) and thus 
p(T(x),T(v)) = p(T(y),T(v)) implying that T{C) is orthogonal to [T(x),T(y)]. 
Since T is Mobius we have that S 1 (w,r) is orthogonal to J. □ 

2.8 Lemma. The hyperbolic midpoint of points x,y G B 2 is z with 





2 -(|a 1 |-|a 2 |) 2 )((|a 1 | + 


a 2 \) 2 ~ \ai ~ a 2 


2 ) 


2|ai - a 2 





r x r 2 



'r\ + r 2 



and 



|z| V a 2 — a l 

where a± is the center of the hyperbolic geodesic joining x and y, r\ = \a± — x\ 



z _ ja\ — a 2 



and (a2,r 2 ) is (w,r) of Corollary \2. 7 
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Proof. By Corollary 12.71 circles S' 1 (0, 1), S 1 (ai,ri) and S ,1 (a 2 ,r 2 ) are pairwise 
orthogonal. Therefore by Lemma [2.21 |<2j| 2 = r\ + 1 for % = 1, 2 and |cij — z| 2 = r 2 
implies |z| 2 — za^ — za7 +1 = 0, which is equivalent to 



\Z\ V 0,2 — dl 



by Proposition \L 



By the orthogonality of S 1 (ai, r\) and S 1 (a2, r%) and similar right triangles a\02Z 
and zva 2} v G [ai, 02], we have |z — u| = rir 2 / i/r 2 + r|. Since z G [0, u] we have 



□ 



\z — v\ 



\/(K - a 2 


2 -(l«il 




a 2 | 2 ))((|a 1 | + |a 2 |) 2 - 


ai — a 2 


2 ) 


2|< 


21 — a 2 





Figure 2: The hyperbolic midpoint in the unit disk. 



Lemma [2.81 gives the hyperbolic midpoint of two points in B 2 . We will now 
describe a geometric construction for finding the hyperbolic midpoint. 



2.9 Bisection of hyperbolic segment 

Let x,y G B 2 . By (12.61) points 2 GB 2 such that p(x, z) = p(y,z) are on an 
Apollonian circle dB c xyl where c depends only on \x\ and \y\. The hyperbolic 
geodesic joining x and y is an arc of a circle S 1 (a, r), where a and r depend only 
on x and y. Formulas for a and r are given in Lemma [2.21 

1. Construct the Apollonian circle dB c xyl which contains the points z such 
that p(x, z) = p(y, z). 



8 



2. Construct the circle S 1 (a, r ) , which contains the hyperbolic geodesic joining 
x and y. 

3. Hyperbolic midpoint z of points x and y is the intersection of these two 
circles, z = dB c x y n ^(o, r) n B 2 . 

In the particular case y = the midpoint z can be found in a very simple way. 
In fact, for a fixed x G B 2 PI [0, 1), the hyperbolic midpoint of [0, x] is the point 
of intersection of the segments [0,x] and [—i,x + i\Jl — \x\ 2 } by |Vlj 1.41(2)]. 
Bisection of hyperbolic segment is also considered in |VW] . 



3 Hyperbolic distance in the unit ball 

For the sequel it is convenient to interpret hyperbolic balls in terms of Euclidean 
geometry as follows: for x G B n , r > 



x(l -t 2 ) 



(1- 


\x 


\ 2 )t 


1 - 1 


x 


2 f 2 



(3.1) 



where t = tanh(r/2). This is a well-known formula, see e.g. \V1\ (2.22)]. 
We shall use the following basic inequality for x G [0, 1] 



VT^<1-|. (3.2) 



3.3 Lemma. For r,s£ [0, 1) we have 
(1) v/(l-r 2 )(l-s 2 ) < 1 - rs - - ^ ~ S ' )2 < 1 



^ 2 

r + s 



^ v/(l-r 2 )(l-s 2 ) < Vl + r 2 s 2 - 



r 2 + s 2 



2V1 + 



r 2 s 2 



(3) v/(l-r 2 )(l-s 2 ) < 1 + rs 1(r + ' s) 



2 1 + rs 7 

Proof. (1) The first inequality holds because by (13.21) 



v / (l-r 2 )(l-s 2 ) = (l-rs)Wl 



. 2 

r — s 



1 — rs 



< 1 - rs 1 - - 



1 / \ 2 N 

1 / r — s 



2 \l-rs 
1 (r - s) 2 



1 — rs 

2 1-rs 
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The second inequality is equivalent to 

(r — s) 2 (l + rs) 



> 



4(1 - rs) 

and thus the assertion follows. 

(2) The inequality holds because by (13. 2p 

V(l -r 2 )(l -s 2 ) = y/l + r 2 s 2 - (r 2 + s 2 ) 



Vl + rVWl - 



< y/l + r 2 s 2 1 



r 2 + s 2 
1 + r 2 s 2 
1 r 2 + s 2 
~ 2 1 + r 2 s 2 
r 2 + s 2 



^ The inequality holds because by (13. 21) 



V(l-r 2 )(l-s 2 ) = (l + rs)Wl 



2 VI + r 2 s 2 



\ 2 

r + s 



1 + rs 



< (1 +rs) 1 - - 



1 / i \ 2 

1 / r + s 



2 V 1 + rs 



1 (r + s) 2 
I + rs . 

2 1 + rs 



By using the previous lemma we find lower bounds for the hyperbolic dist 
in terms of the Euclidean distance. 

3.4 Theorem. For x, y e B n we have 

, , , p(a;, y) \x — v\ 

(1) simi v ,yj > 1 



( 2 ) tanh^l^ > > \ x ~y\ 

4 -1 + ^1^ + 0^120^2- 2 

, , , p(x, y) \x — y\ 

(3) tanh HK ,yj > — 
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Wtanh 4 a 2 (M - M) 2 





x — 


1/1 


2-1 
2 


(\x 




-M) 2 


1 - 




x\\y\ 



4 - , \x\ 2 +\v\ 2 ' 

l + \z\\y\ + y/l + \x\*\y\> M 1/1 



2^TTR%? 



. . , p(x, y) \x — y\ 

(6) tanh^-^i > 1 



2 + 2|x||y| ' u 



2 1 + 



, p(x, y) \x — vl 

(7) tanh FV ' ^ ; > 



yj\x -y\ 2 + A^WV^W 

Proof. (1) The assertion follows since (1 — |x| 2 )(l — \y\ 2 ) < ((1 — \x\ 2 ) 2 + (1 
\y\^f)/2 = l + {\x\" + \y\")/2-\x\ 2 -\y\ 2 . 

(2) Follows from jEH (2.27)] and [VI, (2.52 (3))]. 

(3) -(6). By [VI, (2.52 (3))] 



\x-y\<(l + \x\\y\ + a/1 - \x\ 2 y/l - |y| 2 )tanh 



p(x,y) 



4 

and the assertion follows from Lemma 13 .31 For example 

\x-y\ < (l + \x\\y\ + ^/l^WV^W)^nh^^- (3.5) 



< ( l + |,-||,y| + .| ( 1 1 2 ) ) tanh ^— ^- (3.G) 

2 _ ( H-M yv anh p(^) (37) 



The first inequality of (4) follows from [AVVl 7.64 (24)] 



(7) Follows from [3WI 7.64 (25)]. □ 



3.8 Remark. In Theorem \3.4\ are given various lower bounds for tanh(p(x, y)/4). 



Let us denote the better lower bound of Theorem \3.4\ (2) by c<i and lower bounds 
of Theorem \3.4\ (3), (5) and (6) respectively by c 3; c 5 and c 6 . It is possible to 



show that for all x,y 6l n 

c 6 < c 5 < c 3 < c 2 . 
Next we prove more lower bounds for the hyperbolic distance in 
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3.9 Lemma. Let x,y G B n . Then 

\x-y\ 



p(x, y) > p(x ,y) = 2 arsinh • 
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2 | v/TTT^/ r 2 - |X - r 2 

N 



2 artanh ( (r + VT+ r 2 ) tan - 



where x' and y' are on the same geodesic joining x and y with \x' — y'\ = \x — y\, 
\x'\ = \y'\, 9 = Z(0,a, x'), a G W 1 andr > such that the geodesic joining x and 
y is a subset of S n ~ 1 (a,r) 

Proof. We prove first the inequality. Denote 2a = Z(x*,a,x), 2/3 = Z(x,a,y) 
and 27 = Z(y*,a,y), see Figure El Now a + /3 + 7 is constant and by \Bel\ (7.26)] 
and trigonometry 



expp(x,y) = \x*,x,y,y 



1*^* y 1 1*^ y* 



|x* - - yj\ 
sin(a + /3) sin(/3 + 7) 

sin a sin 7 
/ sin a cos (3 + cos a sin (3 \ ( sin (3 cos 7 + cos (3 sin 7 



\ sin a / \ sin 7 

. , sin/?\ / sin /3 

cos p H cos p + 



tana / \ tan 7 

We fix \x — y\ and thus also (3. Now 7 = — 0; for some positive constant c < 7r/2 
and we consider the function 

/(a) = (b + + A 



tana J \ tan(c — a) 

for a G (0, c), where A = sin/3 and B = cos/3. Clearly /(a) — » 00 as a — >■ or 
a — )• c. Since 

„.. , A(Bsinc + Acosc) . 

f («) = — 1 t^t r- sm(2a - c) 

sin a sin [a — c) 

the function f(a) obtains its minimum at a = c/2, which is equivalent to 7 = a. 
In other words, we obtain p(x,y) > p(x',y'). 

We prove next the first formula for p(x',y'). By selection of x' and y' it is 
clear that p(x',y') = 2 arsinh (\x — y\/{l — |^'| 2 )) and thus we find \x'\ 2 . By 
the Pythagorean theorem we obtain that \x'\ 2 = (\a\ — d) 2 + \x — y\ 2 /4 for 
d = \Jr 2 — \x — 2/ 1 2 /4. Since |o| = a/1 + r 2 we obtain 



2 



1 + 2 r 2 - A/r 2 - ^— — ^-Vl + 
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We prove finally the second formula for p(x',y'). Let z be a point on the 
same geodesic with x and y. For a = Z(0, a, z) we have 

k| 2 = (l°l — tcoso;) 2 + (rsina) 2 = 1 + r 2 — 2rVl + r 2 cosa + r 2 
= 1 + 2r (r — vl + r 2 cos a) . 



Now 



, , / 2rda 



2rda 



and the assertion follows. 



4 artanh ( (r + vT+r 2 ) tan - 



2r(\/l + r 2 cos a — r) 
6 



□ 




Figure 3: Angles a, and 7 in the proof of Lemma [3. 91 



3.10 Lemma. For x,y G B n and a as in Lemma \2.2\ we have 



p(x,y) 4 - 4|w| 2 + \x - y\ 2 - a/(4 - A\w\ 2 + \x - y\ 2 ) 2 - 16|x - y\ 2 

tanh — > — : . 

4 4|x-y| 

where 

\x — a\ 2 ( x + y 



w = a + 



(x + y)/2 — a\ 2 



Proof. The smallest hyperbolic ball B p with x, y £ <9-B p has the center point of 
the hyperbolic center point of a? and 7/. Thus by Lemma l2~3l i^, = B n {w, \x — w\). 
By (O 

, 1 + T 2 + v/l + T 4 + T 2 (4H 2 -2) 

t = x — w = — , 

11 2T 

where T = tanh(p(x, y)/4). Since \x — y\ < 2t we obtain 

4 -4|w| 2 + \x-y\ 2 - v/(4 - 4|w| 2 + \x - y\ 2 ) 2 - 16|x - y\ 2 < 

A\x - y\ 

which implies the assertion. □ 
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3.11 Lemma. For x^y G B n we have 

, p(x, y) 
tanh PV ,y/ > 
2 

where z is the hyperbolic midpoint of x and y. 
Proof. By flH]) 



\z\ 


2 -i + v / i + 


z\ 


4 _ 




z\ 


2 (2- 


x-y\ 


2 ) 




X 




y\ 


\z 


2 



(1- 


\z 


\ 2 )T 


1 - | 


z\ 


2JT2 



where T = tanh(p(x, y)/2). Since \x — y\ < 2t we obtain 

< T 



\z\ 


2 -i + Vi + 


z\ 


4 _ 


- \z\ 2 {2-\ 


x-y\ 


2 ) 




X 




■y\ 


\z\ 


2 



which implies the assertion. □ 

3.12 Lemma. Forx,y G M n we have 

, p(x, y) \x — y\ 

sinh ^ v ,yj > 1 



2v / 7lT72 v ^2^52-r 2 ' 

where 5 = \x — y|/2 ; r = |x — a\ and a is the center of the hyperbolic geodesic 
joining x and y. 

Proof. Denote hyperbolic line through x and y by C C S 1 (a, r). Consider points 
x',y' G C such that Z(x,a,y) = Z(x',a,y') and Z(0,a,y') = /.(x',a,y')/2. Now 



\ x >\ 2 = \ y f = S 2 + (v/fT^- Vr 2 -S 2 ) 2 



and thus 



sinh 2 ^2 > srf^'^ 



2 

F — 2/1 





\x' 


'-y'\ 


to 


(1-1 


x'\ 


a )(i- 






2 ) 



4(v / T + 7 2 v / r 2 - <5 2 - r 2 ) 

□ 



4 Hyperbolic geometry in the half plane 

For convenient reference we record a well-known formula which provides a con- 
nection between the Euclidean and hyperbolic balls of HI™ (see, e.g., [Vlj (2.11)]) 

B p (te n ,r) = B n (te n cosh r,t sinh r) for r,t>0. (4.1) 
The following result gives a formula for the hyperbolic geodesic segment in 

H 2 . 
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4.2 Lemma. Let x, y G H 2 with X\ ^ y\. Then S' 1 (c, r c ) is orthogonal to dM 2 , 
where 



X|2 - M2 and r c = x Ll + (^- y ^ + vl - X ^ 2 



2<>i - yi) V \ 2 ( Xi ~ y % 

4.3 Lemma. Let x, y G H 2 wzt/i x 2 < y 2 . Then 
C = {zeR 2 :p(x,z) = p(y,z)} 



z6l 2 : |x — z\ = A\y — z\, A = \/x~ 2 Jy 2 j = S 1 (a, r a ) 
where 

x — A 2 y A\x — y\ 

a = -7- ana r a 



I- A 2 a 1 - A 2 ' 

Moreover, the hyperbolic geodesic segment which contains x and y is orthogonal 
to C andcedU 2 . 

Proof. The assertion can easily be obtained by Lemma II. 1[ Corollary 12.71 and 
Mobius trasformation /(B n ) = H n . □ 

The following result gives the hyperbolic midpoint of two points x and y. 

4.4 Lemma. For x, y G H 2 the smallest possible hyperbolic sphere that contains 
x and y is B p (z, p(x, y)/2) for 



+ x 2 yi y / x 2 y 2 ^/ O2 + 1/2) 2 + (xi - yi) 



x 2 + y2 x 2 + y 2 

Proof. The geodesic that contains x and y is S' 1 (c, r) D H 2 for 



2(an-yi) V V 2(^-2/0 



Since \z — c\ 2 = r 2 we obtain z 2 = ^Jr 2 — (c — Z\) 2 . Because p(x,z) = p(z,y), 
which is equivalent to s/x^y — z\ = ^JTf^x — z\, we obtain 

xiy 2 + x 2 y x 

Zl = , 

x 2 + y 2 

and the assertion follows. □ 



15 




Figure 4: The hyperbolic midpoint in the upper half plane. 

5 Hyperbolic distance in the half space 

We prove lower bounds for the hyperbolic distance in H n . 

5.1 Lemma. Forx,y G H n we have 

cosh p(x, y) > 1 + ^ 2 V \ ■ 

Proof. The assertion follows since 2x n y n < x 2 n + y 2 . □ 

5.2 Lemma. Forx,y G HI™ we have 

, / \ 2\x'-y'\ 2 

COsh p(x, V)>1+ 7 ; , 

where x' = x — e n x n and y' = y — e n y n . 
Proof. We need to show that 



2\x' — y'\ 2 \x — y\ 2 
{x n -\- y-a) 2x n y n 



which is equivalent to (x n — y n ) 2 (\x' — y'\ 2 + (x n + y n ) 2 ) > and the assertion 
follows. □ 

It is natural to ask which one of the above lemmas gives better lower bound 
for p(x, y). We need to find out when the inequality 

\--y\\ ^'-yf (5 . 3) 



X n + Vn ( X n + Vn) 

holds. Since ( 15. 3 p is equivalent to x n + y n < \x' — y'\ we obtain that the lower 
bound of Lemma 15.21 is better than the lower bound of Lemma 15.11 whenever 

X n + Vn < \x' -y'\. 
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5.4 Lemma. For x,y E H n we have 



i n h p( x ^y) > Xn + ^ A _ 4x 



2 2 y /x n y n y (x„ + y n ) 2 + |x' - y'| 2 

> (x n + y n )\x' -y'\ 

~~ 2 y /x n y n ^J(x n + y n ) 2 + |x' - y'\ 2 ' 

where x' = x — e n x n and y' = y — e n y n . 

Proof. By ( 14.1 p we have B p (te n ,r) = B n ((t cosh r)e n , t sinhr) implying |x — ?/| < 
2tsinhr for all x,y & dB p (te n ,r). Therefore, by Lemma 14.41 we have for all 
x, y e W 1 that 

\x — y\ < 2- smh - 

Xn ~\~ yn 2 

which is equivalent to 

p(x, y) > 2 arsinh 



X n + Vn \ (X n ~ Vn) 2 + \x' ~ y 



'12 



2y/x n y n V (x n + y n ) 2 + \x' - y' 12 



,-, i i Xn Un /_, ^x n y n 
2 arsinh — — — * / 1 — 



> 2 arsinh 



2y/x n y n y (x„ + y„) 2 + |x' - y" 2 



2^x n y n ^J (x n + y n ) 2 + \x' - y'\ 2 
and the assertion follows. □ 



References 

[Al] L.V. AhlforS: Complex analysis. An introduction to the theory of analytic 
functions of one complex variable. McGraw-Hill Book Company, Inc., New 
York- Toronto-London, 1953. 

[A2] L. V. AhlforS: Mobius transformations in several dimensions- School of 
Mathematics, University of Minnesota, 1981. 

[AW] G.D. Anderson, M.K. Vamanamurthy, M.K. Vuorinen: Conformal in- 
variants, inequalities, and quasiconformal maps. Canadian Mathematical Soci- 
ety Series of Monographs and Advanced Texts, John Wiley & Sons Inc., New 
York, 1997. 

[A] J.W. Anderson: Hyperbolic geometry. Second edition. Springer Undergradu- 
ate Mathematics Series. Springer- Verlag London, Ltd., London, 2005. 



17 



[Ba] D. Barbilian: Einordnung von Lobayschewskys Massenbestimmung in einer 
gewissen allgemeinen Metrik der Jordanschen Bereiche. Second edition. 
Springer Undergraduate Mathematics Series. Casopsis Mathematiky a Fysiky 
64, 1934-35, 182-183. 

[Bel] A.F. Beardon: The geometry of discrete groups. Graduate Texts in Mathe- 
matics, 91, Springer- Verlag, New York, 1983. 

[Be2] A.F. Beardon: The Apollonian metric of a domain in f". Quasiconformal 
mappings and analysis (Ann Arbor, MI, 1995), P. Duren, J. Heinonen, B.G. 
Osgood, B.P. Palka, Eds., Springer, New York, 1998, 91-108. 

[BM] A.F. Beardon, D. Minda: The Hyperbolic Metric and Geometric Function 
Theory. In Quasiconformal Mappings and their Applications (New Delhi, India, 
2007), S. Ponnusamy, T. Sugawa, and M. Vuorinen , Eds., Narosa Publishing 
House, pp. 10-56. 

[BS] W. Boskoff, B. Suceava: Barbilian spaces: the history of a geometric idea. 
Historia Math. 34 (2007), no. 2, 221-224. 

[EH] C.J. Earle, L.A. Harris: Inequalities for the Caratheodory and Poincare 
metrics in open unit balls. (English summary) Pure Appl. Math. Q.7 (2011), 
no. 2, Special Issue: In honor of Frederick W. Gehring, Part 2, 253-273. 

[GP] F.W. Gehring, B.P. Palka: Quasiconformally homogeneous domains. J. 
Analyse Math. 30, 172-199, 1976. 

[G] C. Goodman-Strauss: Compass and straightedge in the Poincare disk. Amer. 
Math. Monthly 108 (2001), no. 1, 38-49. 

[H] P. Hasto: The apollonian metric and bilipschitz mappings. Ph. D. Thesis, 
Reports of the Department of Mathematics, University of Helsinki 341, 2003. 

[I] Z. Ibragimov: The Apollonian metric, set of constant width and Mobius mod- 
ulus of ring domains. Ph. D. Thesis, University of Michigan, Ann Arbor, 2002. 

[KL] L. Keen, N. Lakic: Hyperbolic geometry from a local viewpoint. London Math. 
Soc. Student Texts 68, Cambridge University Press, Cambridge, 2007. 

[K] R. Klen: On hyperbolic type metrics. Dissertation, University of Turku, 
Helsinki, 2009. Ann. Acad. Sci. Fenn. Math. Diss. No. 152 (2009), 49 pp., 
://www.acadsci.fi/mathematica/e-theses/klen.pdf 

[KRT] R. Klen, A. Rasila, J. Talponen: Quasihyperbolic Geometry in Euclidean 
and Banach Spaces. Proceedings of the ICM2010 Satellite Conference Inter- 
national Workshop on Harmonic and Quasiconformal Mappings (HQM2010) 
Editors: D. Minda, S. Ponnusamy, and N. Shanmugalingam, J. Analysis Vol- 
ume 18 (2011), 261-278. 

[Kr] J. G. Krzyz: Problems in complex variable theory. Translation of the 1962 
Polish original. Modern Analytic and Computational Methods in Science and 
Mathematics, No. 36. American Elsevier Publishing Co., Inc., New York; 
PWN— Polish Scientific Publishers, Warsaw, 1971. xvii+283 pp. 



18 



[L] H. Linden: Quasihyperbolic geodesies and uniformity in elemen- 
tary domains. Dissertation, University of Helsinki, Helsinki, 2005. 
Ann. Acad. Sci. Fenn. Math. Diss. No. 146 (2005), 50 pp., 



http:/ /www.acadsci.fi/mathematica/e-theses/linden.pdf 



[Ma] V. MANOJLOVIC: Moduli of continuity of quasiregular mappings. 
Ph. D. Thesis, University of Belgrade, Belgrade, 2008, 60 pp., 
[http://aixiv.org/PS_cache/andv/pdf/0808/0808.3241vl.pdfl 

[Mar] A. MARDEN: Outer circles. An introduction to hyperbolic 3-manifolds. Cam- 
bridge University Press, Cambridge, 2007. xviii+427 pp. ISBN: 978-0-521- 
83974-7. 

[Mi] J. MlLNOR: Hyperbolic geometry: the first 150 years. Bull. Amer. Math. Soc. 
(N.S.) 6, (1982), no. 1, 9-24. 

[RT] A. Rasila, J. Talponen: Convexity properties of quasihyperbolic balls on 
banach spaces. Ann. Acad. Sci. Fenn. Math. 37 (2012), 215-228. 

[R] J.G. Ratcliffe: Foundations of hyperbolic manifolds. Second edition. Grad- 
uate Texts in Mathematics, 149, Springer, New York, 2006. 

[SA] S.K. Sahoo: Inequalities and geometry of hyperbolic-type metrics, radius prob- 
lems and norm estimates. Ph.D. Thesis, Indian Institute of Technology Madras, 



Chennai, 2007, http://arxiv.org/PS_cache/arxiv/pdf/1005/1005.4317vl.pdf 



[SC] D. Schattschneider: The mathematical side of M. C. Escher. Notices Amer. 
Math. Soc. 57 (2010), no. 6, 706-718. 

[SE] P. Seittenranta: Mobius-invariant metrics. Math. Proc. Cambridge Philos. 
Soc. 125, 1999, 511-533. 

[U] A. A. Ungar: From Mobius to gyrogroups. Amer. Math. Monthly 115 (2008), 
no. 2, 138-144. 

[Va] J. VAISALA: The free quasiworld. Freely quasiconformal and related maps in 
Banach spaces. Quasiconformal geometry and dynamics (Lublin, 1996), 55-118, 
Banach Center Publ., 48, Polish Acad. Sci., Warsaw, 1999. 

[VI] M. Vuorinen: Conformal geometry and quasiregular mappings. Lecture Notes 
in Math. 1319, Springer- Verlag, Berlin-Heidelberg, 1988. 

[V2] M. Vuorinen: Geometry of Metrics. Proceedings of the ICM2010 Satellite 
Conference International Workshop on Harmonic and Quasiconformal Map- 
pings (HQM2010) Editors: D. Minda, S. Ponnusamy, and N. Shanmugalingam, 
J. Analysis Volume 18 (2011), 399-424. 

[VW] M. Vuorinen, G. Wang: Bisection of geodesic segments in hyperbolic geom- 
etry. Manuscript, 17pp, larXiv:1108.2948l . 



19 



Riku Klen and Matti Vuorinen 
Department of Mathematics and Statistics 
University of Turku 
20014 Turku 
Finland 

ripekl@utu.fi, vuorinen@utu.fi 



20 



